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Methods developed in the mathematical theory of the averaging of processes in periodic media are used to derive two-dimensional
equations describing the propagation of waves in non-uniform anisotropic plates with a periodic structure. Equations of higher
order of accuracy in a small parameter — the ratio of the typical thickness of the plate to the typical wavelength, are derived.
The case of uniform isotropic thin plates is considered in detail. Equations of different order of accuracy, derived in this paper,
are analysed and compared with the equations proposed by others. Some corrections for the coefficients in Timoshenko-type
equations, which increase the accuracy of these equations, are proposed. © 2005 Elsevier Ltd. All rights reserved.

The purpose of this paper is to obtain two-dimensional equations of higher order of accuracy, describing
the flexural vibrations of plates with a periodic structure, in particular, laminated anisotropic plates,
without any a priori assumptions on the structure of the displacements and deformations in the plate.
The solution of this problem enables the numerical solution of three-dimensional non-stationary
problems to be validly reduced to the numerical solution of two-dimensional or one-dimensional non-
stationary problems, which considerably diminishes the volume of computation required.

Approximate two-dimensional equations of different degrees of accuracy have been derived by many
authors for thin plates (see the review devoted to the refined equations of the vibrations of rods and
plates in [1]). Existing publications conventionally can be divided into two group. In the first group,
certain a priori assumptions are made regarding the plate deformation process. Using the simplest
assumptions, the widely known Kirchhoff classical equations are obtain [2], and, taking additional
possible effects into account, the so-called exact (non-classical) equations are obtained, in particular,
Timoshenko-type equations [1, 3, 4]. The second group is based on the assumption that the displacements
can be represented in the form of series (or, with a certain accuracy, by polynomials) in powers of the
coordinate perpendicular to the middle plane of the plate. This approach was used, in particular, by
Selezov [5] to derive equations of higher order of accuracy for the flexural vibrations of plane uniform
isotropic plates.

Below we derive two-dimensional equations of higher order of accuracy using the two-scale expansions
method in the form used in the theory of averaging of processes in periodic media [6-9]. In this approach
no a priori assumptions are made regarding the nature of the deformation or regarding the form of
the dependence of the displacements on the normal coordinate. Instead of this, we use the assumption
that the displacements can be represented in the form of asymptotic series in powers of a small parameter
g, equal to the ratio of the typical thickness of the plate to the typical wavelength. When additional
limitations are imposed on the data of the problem this assumption can be rigorously justified (see
Section 11).

In this way we can obtain two-dimensional equations of any accuracy in €, and also the distribution
of the displacements inside the plate. In the case of the a plane uniform plate, the displacements, in
fact, can be represented with any accuracy in the form of a polynomial in powers of the normal
coordinate. However, in the case of non-uniform plates the displacement vector may depend on the
spatial variables in a more complex way. We used the proposed approach in the general case of plates
that are non-uniform in thickness and periodic in longitudinal directions.
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0021-8928/$—see front matter. © 2005 Elsevier Ltd. All rights reserved.
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1. FORMULATION OF THE THREE-DIMENSIONAL PROBLEM OF
THE VIBRATIONS OF THE ELASTIC PLATE

We will call an infinite periodic plate a certain connected set I of a space R; with a Lipschitz boundary
dIl, lying in the strip |x3| < Ha/2 and periodic in the variables x; and x, with periods H; and H,
respectively. When simply connectedness requirements is dropped, there is the possibility that there
are pores in the plate. We will also assume that the density p(xy, x5, x3) and the matrices of the elastic
moduli 4;(xy, X5, X3). are measurable, bounded, and periodic in the variables x; and x, with periods H;
and H, respectively. We will further assume that all the quantities H; are of the same order.

The three-dimensional system of equations of the vibrations of the plate IT has the form

u a(, 9
Lu = —ps-tg+a—xi(Aij-a—-:j) = -F (1.1)

When F is the density of the bulk forces, and summation is carried out over repeated subscripts in the
limits from 1 to 3.
On the surface of the plate, the distribution of the force is specified.

du
Aijé—xjni

=g (1.2)
aIl

Here n; are the components of the vector n of the normal to the plate surface.

Suppose p and ¢ are the mean values of the density p and of the propagation velocity of waves in
the components comprising the medium, U is a typical value of the displacement and L is the typical
length of the wave propagating in the plate. Further constructions are carried out on the assumption
that

v @ ' x.]H3 L _l‘_l__ .

=T N1 Y (1.3)
we obtain a system of equations and boundary conditions, which differ from system (1.1) with conditions
(1.2) in that the quantities without primes are replaced by the corresponding quantities with primes,
defined by formulae (1.3) and following expressions

v A,‘jﬁzL o' = p F= FL2 g = gL2€ n' = (1 4)
ij = 2 Y T a2 T, :
pHH p puc pue ,/n,f A/nka

Henceforth we will omit the prime and we will use relations (1.1) and (1.2) for references to the
formulation of the problem. After replacing the variables, the functions p and 4; will be periodic in
the new variables x;, x, with periodic €, and the plate is situated in the strip |x3| < &/2.

If the functions p, A; and F do not possess sufficient smoothness, we will understand the satisfaction
of relatlons (1.1) and (1.2) in the sense of Sobolev, namely, we have in mind that u is a vector function
of Hi.., which satisfies the integral identity

H( (P55 50)+ (403> 52) - (B Ja = JELS (1L3)

for any finite infinitely differentiable vector function (¢, x).

The purpose of our further constructions will be to transfer from the three-dimensional problem (1.1),
(1.2) to two-dimensional equations of the vibrations of plates of high order of accuracy in the dimension-
less parameter €.
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2. APPLICATION OF THE PROCEDURE OF AVERAGING PROCESSES
IN PERIODIC MEDIA TO DERIVE THE TWO-DIMENSIONAL
EQUATIONS OF THE VIBRATIONS OF PLATES

To obtain approximate two-dimensional équations of the vibrations of a plate of higher order of accuracy
we will use the formal procedure of the method of averaging processes in periodic media [6-8] with
the explicit use of the condition that there are no forces applied to the plate surface [9, 10]

dJu
A,"—n,' =0 2.1
] @)

To derive the equations of infinite order of accuracy in ¢ in the case of boundary conditions (2.1),
we will seek an asymptotic expansion for the displacement in the form

' +L+1,

g+l + 12 &q

u~-v+ Z € 112()’1’)’2’ )’3)|y cxfe oo ], (2.2)
O<g+l+1l, dr'dx axz

where v = v(¢, x1, x,) is a smooth function of the slow variables ¢, x; and x, with characteristic scale of
variation of the order of unity, N7, (y,, ¥2, y3) is a 3 x 3 matrix, periodic with a perlodlc of umty, with
respect to the fast variables y; and y,, and Yy = xj/e. The characteristic scale of variation of N{,, in the
variable x; is of the order of ¢. The prime in the notation of the sum here and below denotes that all
the 1nteger non-negative g, /; and /5, belonging to the limits under the summation sign, participate in
the summation; if these limits are not indicated, the summation is carried out over all the integer non-
negative indices g, /; and /.

The sign ~ in relation (2.2) denotes that the right- and left-hand sides differ by a quantity O(¢") for
any value n. Below, this sign will sometimes denote closeness of the order of €" for a specific value of
n, this will be clear from the context. Further, N3, = E is the identity matrix (or the identity operator),
and N, = 0 if at least one of the 1ndlces is negative. After substituting series (2.2) into system (1.1)
in the case of smooth p, 4; and N, we have

g+l +1,

q+ll+l2 2 4 a v
Lll"'z H ﬁ_lz~_F
" ar70x, 0x,
where
q _ q q _ 0 IN
H'lll - LnyIlIZ + TIIIZ, Lny - a_y‘(Aua_yj)
T, = 8(j)2-(A;N? 8(1)A, > N? + 2.3
n, = (1)5—)’;( i1, -5,,,1,-5,) + 0(i) 53y; Vb8 =82 (2.3)
+8(l)6(1)A N;lx 5,1 =8;,1,-8,,-8), le ’2 , 8() = 13
After substituting series (2.2) into condition (2.1) we have
1+l
P Lotl—2 aq+l 2v
Aija_u"" =y g - 0
*j lan 0t%9x, dx,

. Ny,

HZ,2 = (A ay 2+ 8(j)A,; N;Il -3, Jni
oI

It follows from relatlons (2.3) that the coefficient H{, of £ is equal to zero. We will obtain N7, such

that the coefficients H 10 and H y; for terms of the order of £! will be zero, each of the expressions H7 iy
being equal to a certain constant matrix hf,, ie.

HZ,2 = hZ,z = const Vg, 1, 1, (2.4)
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and moreover, the following inequalities are satisfied
i, =0Vql,l, (2.5)

We will denote by Q the set of points y = (y4, y, ¥3), which satisfy the conditions (y;€, y;€, y3€) € I1,
and by Q, a periodicity cell, i.e. a set of points y which satisfy the conditions

0<y, €1, 0<y, <1, yeQ

Instead of the satisfaction of equalities (2.4) and (2.5) we can require the satisfaction of the integral
identity

J(—(Aij_a;,;L— + S(I)A’J[NZ 'sjhl2_8j2]m’ 5;.’ -

Q}’

(8(/)Aua NG 51,5, + BB AGING 5,5, 1,5,-5, ]~ (2.6)
‘P[N;It2 ] "P))d}’ = I([hl I ,,,,(P)]d)’ Vm

for an arbitrary vector function ¢(y) € H 1(Q), periodic with a period of unity in the variable y; and y,.
Here (f, g) = fi81 + f>8> + f383 is the usual scalar product and [4},, is the notation of the mth column
of the 3 x 3 matrix A. In the case of non-smooth, in particular, discontinuous p and 4y, the use of integral
identity (2.6) is connected with the essence of the problem, since then the solution u is determined in
a generalized sense, which satisfies identity (1.5).

If relations (2.4) and (2.5) are satisfied, we obtain a system of equations of infinite order with constant
coefficients

g+l +1,

~ ! L+1,-2 ;)
AR A P e
g+l +1,22 "9%ox 10x,

which can be used instead of system (1.1) with condition (2.1). We have the following in mind: if v is
the asymptotic solution of system (2.7), the displacement u, defined by relation (2.2), asymptotically
satisfies relations (1.1) and (2.1). All the above make sense for infinitely differentiable v(, x{, x,) and
F = F(t, x4, x,). The case when F also depends on y; = x;/¢, is considered in Section 10. In Section 11,
we justify the equations of finite order of accuracy in € on the assumption of the finite smoothness of
v and F with respect to ¢, x; and x,.

Henceforth, when Q = Q(t, x1, x5, X3, ¥1, ¥2, ¥3) we will use the notation

(Q) = j O(t, Xy, X2, X3, Y1, Yo ¥3)dy dy,dys

Q)’

where ¢, x;, x; and x5 are fixed. Integrating Eq. (2.4) over a period, taking relations (2.3) and (2.5) into
account, we obtain

Whiy, = (Tiy) =
. d , ) 2.8
= <8(1)A,-j(5}7jN7l 8, 1,-5,+ SUINT _a“-a,l,zz-s,.z-s,,) - PN, > @9
where | is the measure of the set Qy Note that for the usual assumptions in the theory of elasticity,

the satisfaction of the equality wif;, = T, also turns out to be sufficient for system (2.4), (2.5) to be
solvable in N7,
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We can construct N, successively, by first ordering the set of indices (g, [y, l,), satisfying the order
of increase of ¢ + [, + I,. The matrices N, are found from Eqs (2.4) and (2.5) or non-uniquely from
integral identity (2.6), apart from a term equal to a certain constant matrix,. We will choose this term
so that the equality (N7,,) = 0 is satisfied every time. It can then be seen from the structure of relations
(2.3) and (2.8) that hf;, = 0 when g is odd. Moreover, as follows from the constructions in [8], the matrices
hi,, satisfy the relation

(l+l)
(h”z) = (- l)l : ll2

If the plane plate is only non-uniform in thickness, i.c. the propertles of the material depend only
on one spat1a1 variable y; = xs/e: p = p( 1), A;i A,](y3) the matrices N7, depend only on y3. In this
case all the N7, and hlll are calculated in quadratures. A special case of this plate is a plate consisting
of plane uniform and, in general anisotropic layers. For such plates the coefficients 4, in Egs (2.7)
were investigated in [11, 12], in which only terms with derivatives no higher than the fourth order were
retained. Terms of derivatives of the third and fourth orders are the principal terms responsible for the
dispersion of the waves. Types of dispersion of waves in plates with a different number of layers,
possessing different types of anisotropy, have been investigated.

3. THE EQUATIONS OF THE VIBRATIONS OF A PLANE UNIFORM
ISOTROPIC PLATE

We will further consider a plane uniform isotropic plate, occupying the volume |x;| < Ha/2. We have
the following formulae for the dimensional components (A4;);; of the matrices A,

(Aij)kl = xaiks +u(9; 8k1 + sllajk)
where A and p are the moduli of elasticity. We wili put
p=p, ¢=Jup 3.1)

Since the properties of a plane uniform plate are periodic with any period, we can take H; = H, =
H; = H. Formulae (1.4) for the dimensionless quantities in this case take the form

A \
Ay=— p=1 F= r g = L nj=n;
" wu wu (32)
2v
(ADy = stka 8,8, +8,8,,

(v is Poisson’s ratio).

We will investigate flexural vibrations, which are described by the third component v; of the vector
v. Henceforth we will use the following notation: D; is the operator of differentiation with respect to
t, and A is the Laplace operator in the variables x; and x,. Calculations showed that system (2.7) can
be split into a system of equations in the unknowns v; and v, and an equation in vs, having the form

Dlvy = Luy,+ F3+ O(e"); Lu, = D g2 7242 p2Aly, (3.3)
2<qg+1<4
where

q=0whenq>1 A2=L A°=——1_

TR AT oe(1-v)

4 1 2 VP-26v+24 o0 v-6

Ay =g Ar= T Ag= ———;

720(1 - v) 180(1 - v) (3.4)

6 17 4 _ 18v>—360v’ + 646V — 305
42 = o160 A4 = 3
60480(1 - v)



598 N. S. Bakhvalov and M. E. Eglit

2
A° = -3v +34v-101

30240(1-v)’ ~ ° 15120(1-v)°

2 v 4+ 5Tvio374v + 304
A6 =

In the case of purely flexural vibrations, when v, = v, = 0, the third component w5 of the displacement
vector u is related to v, as follows:

! X
~ U3+ 8503 Svy3~- Y ez(q+l)n§;‘(f)D,2quv3 (3.5)
1sq+!
where
v(12y* -1
m) = 0, my) = =) i) = 0
2, 4 2 2 2

wy) = 200 =2v0)y" +120(6v" - 4v - 1)y" - 54v* + 40v + 7
2 11520(1 —v)°
0, . _ 240(vi-D)y* - 120(v* = 4v - 1)y* + TV} - 40v -7
ng(y) =

5760(1 - v)*

Further, when Q = Q(¢, xy, x,, x3) we will use the following notation for the mean value of Q over the
plate thickness

€/2

{0} = 1 [ 0t 5, %, ¥)dx,

~£/2

g+i1+h

If O = Q1(x3/€)Q4(t, x4, x5), we have {Q} = (Q1)0». In relation (3.5) the factor 8—11)3 is independent
otioxox¥

of the variables y; and x3, while the factors rn5; (x3/£) are 1ndependent of the variables x; and x,. Moreover,

{nzz} = (n%?) = 0 as a consequent of the fact that (N7,) = 0, when q + /; + I, > 0. Hence

{S1;}~0, V={u}~v, (3.6)

Here the sign ~ denotes equality with accuracy O(€”) for any n, and we denote by V the value of the
displacement u; averaged over the thickness.

Note that relation (3.6) holds for any plane plate, both isotropic and anisotropic, that is only non-
uniform over the thickness.

4. REDUCTION OF THE PROBLEM OF THE VARIATIONS OF
A PLATE WITH NON-HOMOGENEOUS BOUNDARY CONDITIONS TO
A PROBLEM WITH HOMOGENEOUS BOUNDARY CONDITIONS

We described above a procedure for obtaining two-dimensional equations of the vibrations of a plate
in the case when the plate surface is load-free; we will now consider the general case, when g is not
necessarily zero. The solution of the initial problem is the sum of the solutions of the following problems.

Problem F. The plate surface is load-free: condition (2.1) is satisfied.

Problem G. There are no mass forces (F = 0), and the distribution of the forces, according to condition
(1.2), is specified on the plate surface.

For a plane uniform isotropic plate, we obtain the equations of flexural vibrations for Problems F
and G in terms of the value of V, which we will call the FV and GV equations, and also in terms of the
displacement of the middle plane U = us(t, xy, x;, 0), which we will call the FU and GU equations.
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We will consider the case when the forces applied to the surface of a plane of plate are directed along
the normal, i.e.

A3ja—U = g.(t, x, x5)€, (4.1)
ox jlxy = 1e/2
We will represent the solutlon in the form of the sum of solution with g} = g = ges/2, where

g=g+-8,and g2 = —-g> = (g, + g.)es/2. For plates possessing a definite symmetry about the plane
y3 = 0, in particular, plane uniform isotropic plates, in the second solution the displacement u; along
the x; axis is odd about the x3 = 0 plane, and hence the displacement of the middle plane of the plate
along the x; axis is equal to zero: us(t, X1, X, 0) = 0. The quantity ' — the average of u; over the cross-
section, is also exactly equal to zero. Since we are investigating flexural vibrations, when constructing
the GV and GU equations we will confine ourselves to considering the solution with the condition

g, = g = ge;/2 (4.2)

Construction of a special particular solution of the problem with non-homogeneous boundary

conditions. To reduce the problem with non-homogeneous boundary conditions to a problem with

homogeneous boundary conditions it is sufficient, for a specified vector function g, to construct the vector
function U, which satisfies the relations

LU = f(t, x;, x5), A;; U

,,a =g 43

with a certain so-far unknown vector function (¢, x4, x,). In the case of a plane plate, only non-uniform
in thickness, this problem has the following specific form: for specified g. (¢, x, x,) we will seek a vector
function U(t X1, Xy, X3/€), which satisfies the relations

o ad oU
10 = -p(2)pi0+ 5[4 'f(e)axj) = (6 x, ) (44)
A3j@ = g.(¢, xy, X5) 4.5
axj xy = 2e/2

Equation (4.4) is equivalent to the equation

d X3\ 2 o’ x3\0U
“EE(P(E)D')*“a—"x}axi(A( )a) 0 (4.6)

We will replace the independent variable x; = gy in Eq. (4. 6) and boundary conditions (4.5), and we
will seek a solution in the form of the series

U~ Y U4, xp, x5y, y)E"
n=1

Equating the coefficients of like powers of € in the equations obtained, we arrive at the system of
equations

2

) ou” ) F) N ou™!
3y’ (A” By)+ 2 (ay (A” dx, )+3y3xz(A’3 dy ) *

1=1,2

o Ul af Ut
+ z ayaxk(A"’ ax ) a_y(p'—‘atz J—O

4.7
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and the boundary conditions

= 8,8
y=il/2

ou” out! F)
(A33a +Ay ax, +Ayp 3%, )

Here U™ = U = 0. Equations (4.7) are ordinary differential equations in the variable y for U"; the
variables ¢ and x occur in them as parameters. Consequently, beginning with # = 1, we can obtain the
vector functions U"(y) in quadratures. They are determined, apart from a constant term; we will always
choose it so that the relation (U") = 0 is satisfied. After finding U”, using formula (4.4) we find f ~ LU.
A similar algorithm for constructing the required particular solutionU can be proposed in the general
case (4.3); however, the function U”, as a rule, is then not necessarily found in quadratures. In the case
of a plane uniform isotropic plate, with boundary conditions (4.2), the values of the components U;
and f; of the vectorU and f were calculated with a high degree of accuracy. In this case

Ully:OEO’ l_]2|y=050, f]EO, f2EO

Below we present expressions for f3 and U |, - o with an error O(e%)

fy = g.¢ vAg 3(12v —lOv—l)D —2(v —IOv—l)A Ag
e 12(1-v) 1440(1 v’
Tal, .0 = (2v-1eg 37(4v2 = 4v + 1)D] +4(13v’ +7v)A (48)
48(1-v) 23040(1 - v)?

In the case of discontinuous p and A;;
integral relations of the form (1.5).

j» instead of differential equations, we consider corresponding

Reduction of the problem with non-homogeneous boundary conditions to a problem with homogeneous
boundary conditions. Suppose the FV equation is obtained and has the form

DXV~ Lv+PF, (4.9)

with certain differential operators L, P We will show how one can obtain from Eg. (4.9) equations
corresponding to the other problems formulated above.

The GV equation. Suppose u is the solution of Problem G with F = 0 and non-homogeneous boundary
condition (4.1). The difference w = u - U satisfies the equality Lw ~ —f ¢ f ~ LU and the homogeneous
boundary condition. Hence V' = {w;} satisfies Eq. (4.9) with F; = f3. Equalities (3.5) and (3.6) take the
form

wy = uy—Us~0;+8v;, V={wy}~v; (4.10)
Further
V={u3} = {Us+w3} =V (4.11)
since {U3} = 0. Hence, we obtain the following equation for ¥/

DXV~Lv+Pf, (4.12)

The FU equation. By relations (3.5) and (3.6) we have
U~V+S8V, SV~ 3 e 0n)t
O<q+!

7(0)D2A'V (4.13)

Applying the operator E + S, to Eq. (4.9) we obtain the equation

DXU~LU+P(E+Sy)F, (4.14)
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The GU equation. We will put Uy(t, x1, x5) = U 3(t, X1, X5, 0), and in the first of relations (4.10) y; = 0;
taking the second of relations (4.10) and equality (4.11) into account, we obtain

U-Uy~(E+Sp)V
We apply the operator E + S, to Eq. (4.12)
DXE +Sy)V ~L(E+Sp)V+(E+So)Pf,
Adding this equality to the identity
DU, = LUy + (DU, - LUy)
we obtain the equation

D*U~LU+D!Uy- LU, + (E +Sy)Pf, (4.15)

5. EQUATIONS OF ACCURACY 0O(¢*) AND 0(e*)

Henceforth we will mean by equations of accuracy O(e") equations in which the neglected terms are
of the order of €". We then assume that F and g are of the order of unity. In fact, in different situations
F and g may be small of different order. For example, in typical cases g is of the order of €. Then, the
accuracy of the equations derived below, contalmng g, will be one greater than indicated in the text.

Consider equatlons of accuracy O(e®) and O(e*). Equation (3.3), taking formulae (3.4) into account,
can be written in the form

DV =¢ (1120 A- 6(11_V)A2)V+F3+0(£4) (5.1)

We will carry out equivalent transformations of Eq. (5.1) in order to eliminate the mixed derivative
of V' with respect to ¢ and x. Differentiating Eq. (5.1), we obtain

D’AV = AF, = O(£)

Substituting this express1on for DAV into Eq. (5.1), we obtain the following equation of the form FV
of accuracy O(e*)

DV ~—¢ 26(1_ A Vo Fy 4 € SAF, 5.2)

From Eq. (5.2), proceeding in the same way as when deriving Eqs (4 12), (4.14) and (4.15), and using
formulae (4.8), we obtain equations of the form GV of accuracy O(e”)

2 -1 1
D,V-s6(1 v)A V+-= g+£

1
(1 -8
of the form FU of accuracy O(e*)

2 2 2 2-3vy
D,U——E AU F3+€ mAFs

and of the form GU of accuracy O(¢?)

2
2, 2 =1 2.1 (2v-1)D; +2(2-v)A
D’U—€6(1—V)A U+Eg+£ 28(1-V) g

(5.3)



602 N. S. Bakhvalov and M. E. Eglit

We recall that this equation is written in dimensionless variables. In dimensional variables it takes the
form

) 2
2 HE 2 1 2(1+v)Y(2v-1)pD, +2(2-Vv)EA
D - - el
pD,U 12(1—v2)A U+Hg+H 28(1-V)E

Here E is Young’s modulus. This equation differs from the classical Kirchhoff equation [2] in that it
contains an additional term containing derivatives of g.
When F # 0 and g # 0 the required equations were obtained by adding the equations derived above.

6. THE EQUATIONS OF ACCURACY 0(&’) AND 0O(e®)

Before we obtain from Eq. (3.3) analogous equations of accuracy O(e’) and O(£%), we will consider the
well-known equations of accuracy O(¢°).

Selezov’s equatzons For Problem G equations of the transverse vibrations of a plane uniform isotropic
plate accuracy O(e’) in terms of U were obtained in [5] in the following form

D’U = eX(agD} + alDA + a)A™)U + (
6.1)
+e' (@Dl + a3DIA + a2DPA” + alAHU + G

where
&= 8v-7 L= 2=V 2-v 2L = 2040 = -1
07 48(1-v) 2T 6(1-v)y 4~ ¢~ 6(1-v)
6 _ —64vi+104v—41 4 _16v°-3Tv+19 2 —4vZ+16v-11 6.2)
ag = 7 AT o, Gy =
7680(1-v) 960(1 -v) 480(1 -v)
and G is a quantity, defined by the external forces applied to the plate surface.
G = 1 s(l—v)D,2+(v—2)A
=8t 8(1-v)
6.3)
32(1—v) D! - (4v* - 12v + T)D}A + 2(v* - 4v + 3)A’
+E€ 8
768(1 —v)

We will show that Eq. (6.1), apart from terms O(£%), can be converted to the following form, not
containing differentiation of U higher than the second order with respect to time and higher than the
fourth order with respect to the coordinates

DU = LU+ Pg (6.4)

The operators L and P are defined by the formulae

s 2 1 2 17-7v 2
L=e (_6(1—V)A +6O(1—v)D’A) (6.5)

.1 5@v-1)DI+6(3v-8)A
P==-+¢
€ 240(1 - v)

ve 37(2v—1) D +2(28v +2v - 29)DA 4(21v +64v — 78)A
23040(1—v)
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This form may turn out to be preferable, since in this case, for a correct formulation of the boundary-
value problem, no additional initial and boundary conditions are required.

0
a
We will carry out the following transformations. We apply the operator E + € (ang - —EA) to
as
Eq. (6.1) and add the result to Eq. (6.1); we obtain

0
DU = 82((a2+ JD A+ajA ]U+e ((a0+(a0) )DS +
a

2°a°
4. 42 a 40 aa
+|a, +aga; - 64DA+ a4+a0a4—ﬂDA U+
a4 a4

0
+G+ z’:z(agD,2 - a—gA)G +0(e) (6.6)
a4

Further, applying the operators £*D}, £*D?A, £*A* to Eq. (6.1), we obtain the relations

e D8 *Afy = D! H*AG v 0(e%), k=0,1,2

by means of which we can get rid of terms with derivatives of U of the sixth order in Eq. (6.6). Finally,
taking formulae (6.2) and (5.3) into account, we obtain Eq. (6.4).

The equation of accuracy O( €) and O(°), obtained by the method of two-scale asymptotic expansions.
From Eq. (3.3) we have the equation

D}V = e} (A5D*A + ASAH)V +
+e (ASDIA + AZDIA? + ALA’)V + F, + O(e®)

which is identical in form with Eq. (6. 1) Using the transformations employed to derive Eq. (6.4),
and also employing expressmns (3.4) for A7, we obtain the following equation of the form FV of accuracy
O(£%) (everywhere in this section L is the operator defined by formula (6.5))

D>V = Lv + PF, (6.7)
where

2(v-6)A  46(1- v)2D? + (V2 +12v—12)A

P =1+¢
30(1-v) 720(1 - v)*

(6.8)

Note that the difference & of the right-hand sides of Egs (6.7) and (5.2) is a quantity of the order of &,
In fact

- 6(1-v D —(vVi+12v-12)A
P 17-7v ADV-Fy+e 46( )? ( ) AF,
60(1-v) 720(1 - v)*

As a consequence of any of the equation (5.1) and (5.2) we have D?V — F3 = O(g?), and hence
3 = O(").

After transformatlons similar to those employed in Section 4, we obtain an equation of the form GV
of accuracy O(g”)

D’V =Lv+Pg

A - 4v-1 D -2A
pol e v-12 +£3(1 v —13)( N
€ 60(1 -v) 1440(1 - V)



604 N. S. Bakhvalov and M. E. Eglit
an equation of the form FU of accuracy O(e®)
DU = LU+ PF,

g V2 J(150v" - 232V + 89)D; +2(9v” + 88V~ 89)A
T 1201 -v) 11520(1 - v)?

and an equation of the form GU of accuracy O(g’), which is identical with Eq. (6.4), which, as was shown
above, is equivalent to Selezov’s equation with an accuracy up to terms O(g’).
From relation (4.13) we obtain a relation of the form

S W) N

Then, substituting the vector v = (0, 0, V) into (3.5), we obtain expressions for the components of the
vector u in terms of U

oU +ely (4y* - 3)(v-1)D} +2(2(2 - v)y -3)AU

~— i =1,2
aNC T 24(1-v) ax
u3~U+€2y22(1V_ )AU+
+£4 22y ((1—2v )D -2(1-v )A)+(6v —4v—1)D +2(4v+1)A AU
96(1 - v)

These expansions, together with the well-known terms of order 1, € and g [1] contain terms of higher
order in €.

Note that, when deriving the equations of the vibrations of plates, considerably different equations
are obtained, although of asymptotically equivalent form For example, in the case of free vibrations,
Egs (3.3), (6. 1) and (6.4) have the same accuracy — O(£%). At the same time, it can be verified that, for
the problem of the propagation of plane waves, four characteristics correspond to Eq. (3.3), six
characteristics correspond to Eq. (6.1) and two characteristics correspond to Eq. (6.4). The choice of
one form of equation or another depends on the specific problem and the purpose of the investigation.

7. THE EQUATIONS OF ACCURACY O(&®)

We will convert Eq. (3.3) to another form, in which derivatives of the fourth order with respect to time
are retained, but derivatives of hlgher order are dropped, i.e. to the form of Tlmoshenko se uatlons
[1] In Eq. (3 3) we transfer D?v; to the right-hand side and apply the operators € A, €202, € A and
e*D?A to the equation obtamed Taking into account the fact that v; ~ V, dropping terms O(e® ), we
have respectively

0 = —’D*AV+ e (A2D* A  + ANV +

+e%(ADIAT + AZDIA’ + AAY)V + €°AF, (7.1)
0 = -e’D*V+e*(ADSA + AJDIA)V +
+e%(AID°A + AZDIA? + ALDIA’)V + €D F, (7.2)

0 = —&*D*AV + 5 (AZD?A’ + AJAY)V + €*A"F, (7.3)

= _e'D'AV + e (AIDIA? + AYDIAY)V + € D} AF, (7.4)
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We multiply relations (7.1), (7.2), (7.3) and (7.4) respectively by the unknown factors V3, V3, V'$ and
V4 and combine with relation (3.3); we obtain the equality

D2V = €2(0AD? + QDA + QIA)V + £* (03D A + Q2D A + 0NV +
+e%(08D°A + 0IDEA% + QIDIA® + QOAYYV + £, (1.5)
where
0 = -Vo, 05 =A3-V; 0f=4; Q) =A3+VoA;-V;
0F = A+ V3AT+ VeAL- Vi, Qg = Ag+ VoA,
05 = AS+v2AL 0f = Al VA4 viAL+ VAL (7.6)
Q% = A2+ VIAZ+ VIAL+ VoAS + VEAL, OF = Aj+ VaAS + VIAG
fs = Fy+€X(VED} + VIA)F, + €' (VAD!A + VIAYYF,
It follows from Eq. (5.1) that
D**2A'v = D*A'F, + 0(e%) VK, 1
Hence, Eq. (7.5) can be written, with accuracy O(e®), in the form
D’V = e2(0*DlA+ QD! + 0IAH)V +
+e(0iD}A+ Q2D A+ Q2N V + €5 QA% Y + PF, (7.7)
Here
4..2,2

o 6 6,4
PF, = fo+€%Q5D/A+ QD A’ + QA F,

Timoshenko-type equations. The equations of flexural vibrations in terms of the displacement of the
middle plane of the plate, which has the form

DU = éXTiD} + T2D!A + ToAHU + G (7.8)

where G is determined by the forces applied to the plate surface, are called Timoshenko-type equations.
In order for Eq. (7.7) to have the form (7.8), the following equalities must be satisfied.

0i=0 Q:=0, 02=0, Q=0

It follows for these equations and relations (7.6) that

2 422-424v-33v o v—6 2_2-4v-33v* o _ 1
Vo= —Hoo(iov) 2T 300-vy V2T s0a00(1-vy ¢ 12600 79
After finding the quantities V; we obtain the non-zero quantities o)1
o - 33v7 + 424y - 422 PR Uk AT B 0f = 33v’-v+3
07 TT4200(1-v) 2T 60(1-v) <* T 6(1-v) 27 504000(1-v)
(7.10)

o —66v* +268v> —247v2 + 64v — 24 ol - 67v: —24v + 12
¢ 1008000(1 — v)° T % 504000(1 - v)>
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Changing from the FV equation to the GU equation, we have

D/U = LU+ Pg (7.11)
where
2

N 2 1 2 17-7v .2 33v  +424v-422 4

L=e (’6(1—v)A * - v At T -y D')

L1

P = E’fé‘o’o"(f'—)((m +166v - 223)D? + T0(3v - 8)A) -

£3

- ————((88V’+ 760v" - 1364v - 481) D, + 2(44v’ + 804V’ -
268800(1 - v)

~1670v + 787)D’A - 4(157v* = 384v + 227)A% — 4(157v - 384v + 227)A%) -
5

- £ L((616v* +5232v° ~ 12538V + 8306V - 1711) D} -
64512000(1 - v)

~2(616v* + 5736V - 15864v + 12345v — 2866) D; A +
+(616v* — 56V — 12817V + 15548V — 2976) DA + 8(737v" — 856v> + 231v - 162)A%)g

Another version of the simple form of Eqs (7.7) arises if it is required to satisfy the equations
0o=0, 03=0, Qg=0, Q3=0

Then V% = 0 and V3 = -1/20, while the values of Vg and V3 as before, are defined by (7.9), Q3 and 03
are the same as in formulae (7.10), and

2 _ 422-424v - 33v° 6 17

Y , = 30160

' 2s200(1-v)? T 7 20160 .
of = 216V 1758v7 +2768v 1231 2 _ 721+ 1027V - 268v" - 3V’ '

) 302400(1 - v)? P 151200(1 - v)°

In the equations thereby obtained there is no differentiation of U (or V) higher than the second order
with respect to time and, consequently, when formulating the boundary-value problem, there is no need
for additional initial conditions. However, as shown in Section 9, the Cauchy problem for these equations
is incorrect.

8. THE CHOICE OF THE PARAMETERS IN
TIMOSHENKO’S EQUATIONS

The values of 7% and G in Timoshenko-type equations (7.8) were derlved in [1]; if we change to the
dimensionless Varlables (1.3) and (3.2) with scales (3.1), the values of T7and G are obtained as follows:

-1 2 1 1 0 0 1
T —t— T = e e ———————— = = — eeeere——
To K 2T RtEaowg, 4T %7 50w
1 . . (8.1)
G=-g+€ —~
ef [121(3 6(1—v)K4Jg

where K| = K, = K3 = K4 = K is a certain coefficient; its value in Timoshenko’s model is discussed,
for example, in [4, 5]. In Reissner’s model for the statics case K = 5/6.
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We will write the values K; in relations (8.1), for which, in the case of free oscrllatrons (F =0,
g = 0), Eq. (7.8) with coefficients (8.1) is identical with Eqs (7.11) with accuracy O(e®), while in the
case of oscillations under the action of forces applied to the plate surfaces (g= O) it has an accuracy
O(¢*). We will put K; = 5&,(v)/6 and require that the equalities TO = 0f, T2 = (3 must be satisfied and
also that there should be equality between the terms of order £, € and > in Eqs (7.11) and (7.8) with
coefficients defined by formulae (8.1). We then obtain

420(1 - v) 6
®;(v) = , @y(V) = ——
: 422 - 04v +33v2 6-v
280(1-v) 8
W;3(v) = , (V) =
’ 223 - 166v-22v> 8-3v

The functions @;(v) are monotonic in the section [0, 0.5]; their values at the ends of the interval are
®,(0) = 0.99890, ®,(0.5)=0.99533; ,(0) = 1, ®,(0.5)=1.09091
®;(0) = 1.04089, ®,(0.5)=1.25561; ,(0) =1, ®,(0.5)=1.06667

Hence, the assumption that K = 5/6 does not necessitate any very considerable correction, namely, when
introducing the coefficients K; = 5a,(v)/6 to obtain the equations of free oscillations of accuracy O(%)
and the equatlons of forced osc111atrons due to the action of forces applied to the plate surface, of
accuracy O(€%). At the same time, Eqs (7.8) with coefficients (8.1) when K = 5/6 have an accuracy 0(8 )
in the case of free oscillations, and accuracy O(g) in the case of forced oscillations.

9. INVESTIGATION OF THE CORRECTNESS OF THE EQUATIONS OF
FLEXURAL VIBRATIONS

To 1nvest1gate the correctness of the equations of flexural vrbratrons (5.3) of accuracy O(*), (6. 8)
accuracy O(e %) and (7.7) for Q¥, defined by (7.12), of accuracy O(e%), and (7.11) of accuracy O(e®), it
is sufficient to investigate the case of free vibrations (F = 0, g = 0). Consider the first three of these
equations

i

e2QA%U, 2) DU = €QiD’AU + 2 QAU

3) D’U = £°Q3DIAU +° QAU + €' QLD A’U

1) D’U
9.1)

where QY, Q%, Q7 are defined by (7.10) and (7.12). Note that when 0 < v < 0.5 the following inequalities
are satisfied

02<0, @:>0, 0}>0 (9.2)

Since the derivatives with respect to the variable x, and x; occur in these equations only as part of the
Laplace operator, to investigate the problem of the correctness of the Cauchy problem it is sufficient
to consider particular solutions of the form U = ¢™ =, Substituting these particular solutions into the
corresponding equations (9.1), we obtain the equalities

Do’ = 0%k, 2) 6’1+ Q3ek)’) = Q4K

3) 62(1 + Q3(ek)’ - Qi(ek)*) = Qe
It follows from (9.2) that when & > 0 is the first two case 6° < 0 and, consequently, G is a pure imaginary
quantity, i.e. the correctness condrtron is satisfied. In the third case 6> — oo, if £k approachcs the root

of the equation 1 + Qz(z-:k) - Q¥(ek)* = 0 and, consequently, the Cauchy problem is ill-posed.
Consider Eq. (7.11) in the case of free vibrations. It has the form

DU = £(Q4D! + 03D A + QAP U
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The coefficients QY, Q3 and QY are defined by (7.10). When 0 < v < 0.5 we have
00<0, 03>0, 0;<0

The equation Q¢o* - (1 + Q3(ek)*)o? + Q%e’k* = 0 in ¢ for all real k has four pure imaginary roots,
and hence the corresponding Cauchy problem satisfies the necessary condition for correctness.

10. CONVERSION OF THE EQUATIONS TO A FORM WHERE THE
RIGHT-HAND SIDE IS INDEPENDENT OF FAST DISPLACEMENTS

The procedure for constructing Eqs (2.7) for the problem of the vibrations of periodic plates, described
in Section 2, is directly applicable when the right-hand side of F is independent of the fast variables y.
With the exception of the case of a uniform plate, the right-hand side, as a rule, depends on the fast
variables, for example, F = p(yy, ¥, y3)ge, where g is the acceleration due to gravity and e is a certain
vector.

To reduce the problem with the vector function F = F(t, X1, X5, ¥1, V2, ¥3)) | y; = xje> SMOOt with respect
to the variables ¢, xy, x, and 1-periodic with respect to the variables y,, y;, to'a problem with the vector
function F = F(¢, x;, x,), smooth with respect to the variables t, x,, x,, we construct the vector function
U such that

LU~ F(t, xp, xp) ~F(t, %1, %3 Y15 Vo, Y3y, = xe (10.1)
To do this we simultaneously seek the asymptotic expansions

F- 315, x2)|yj=xj/€s", U~ Y U4, x;, %3, 3}, 2 y3)|yj=leee" (10.2)

nz20 nz0

with U° = U' = 0. We substitutes series (10.2) into relations (10.1). Equating coefficients of like powers
of g, we obtain

LU’ = -F, LU +L U +LU" = " when n>0
L a(A a) a(A a), L = a(A a)_pr (10.3)

lza_xj ij'a_yj +3—y,~ ija_xj ax, ija‘;j

The operator L,, is defined by formula (2.3)

For each n it is sufficient to obtain at least one pair U" * %, £" which satisfies relations (10.3). In many
cases this chain of equations is solvable if £ = (F)and " = (L,U"*! + L,U" when n > 0. The difference
w = u —U will be the solution of the equation

Lw = -F(1, x|, x,)

11. SUBSTANTIATION OF THE EQUATIONS OBTAINED

Using the example of Eq. (6.7) we will indicate the main features of the rigorous substantiation of the
correctness of the equations obtained.

Consider the boundary-value problem for the system of equations (1.1) in a plane uniform plate with
uniform boundary conditions (2.1) and initial conditions

“’::o = 0’ llt|t=0 =0

We will denote by Q(7) the set of points (¢, x1, Xy, x3), lying in the zone 0 < 1 < T, and by Qy(7) the set
of points (¢, xy, x,, 0), lying in the zone 0 <t £ T. We will further assume that the vector function F =
F(t, x, x,) satisfies the following conditions:

(1) Fy = F,=0;

(2) the third component F; of the vector F is finite and, after continuing it to zero, when ¢ < 0, it
belongs to H ?OC(R4).
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It can be shown by the method of energy estimates that for the function V, which is the solution of
Eq. (6.7), the following limit holds
17

<c ()| Fy (11.1)

H Q) HYQu(T))

Here and henceforth ¢;(T) are certain quantities which depend only on 7.
Equation (6.7) can be regarded as having been obtained from the initial equation (3.3) by using

the operation P (6.8) and dropping terms of higher order. It can be verified that, after applying the

operation (P)™ to both sides of Eq. (6.7) we obtain a certain equation

’VIar = L'V +F,

with the following properties. Terms of the order of e (k =0, ..., 4) in L' are identical with the
corresponding terms in Eq. (3.3), and F} = F3 + O(%). We put

V=00V F=(0071,)

' g+l +l=
_ g+l+, P VvV
u-~ Z £ qullz(y)|y=x/£

!
q 18 b
g+l +1,56 a a a

Since, in the case of a plane uniform plate, system of equations (2.7) can be split into a system of
equations in v; and v, and an equation in v;, the following inequality holds

1372

IL(u-w)] Scp(T)e

HQ(T)) (" V"H“(ﬂ.,(r)) + ”F3"H°<n.,(r)))

Taking the limit (11.1) into account, we rewrite this inequality in the form

IL(u-w)] o

132
Wy Sc(Me™]

|F3"H‘<no(r))

Further, by the standard method of energy estimates we obtain that

_ 132
lw =8l 06,7y, S ca(TIe "F3"H’(ﬂo(T))

Hence we obtain the following estimate of the closeness of u; and V'
6 6
[{us} - V"Ho(no(r)) = 0(g')cs(T)e ||F3"H8(QO(T))

Condition 2, imposed on the function F3, can be replaced by a weaker one as a result of carrying out
a more detailed estimate.

The above constructions show that the a priori assumption that an asymptotic expansion of the solution
u in a series of the given form in powers of € is justified under certain conditions.
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